Abstract. In this paper, we numerically examine the stability of a standing cantilever conveying fluid in a multiparameter space. Based on nonlinear beam theory, our mathematical model turns out to be replete with exciting behavior, some of which was totally unexpected and novel, and some of which confirm our intuition as well as the work of others. The numerical bifurcation results obtained from applying the Library of Continuation Algorithms (LOCA) reveal a plethora of one, two, and higher codimension bifurcations. For a vertical or standing cantilever beam, bifurcations to buckled solutions (via symmetry breaking) and oscillating solutions are detected as a function of gravity and the fluid-structure interaction. The unfolding of these results as a function of the orientation of the beam compared to gravity is also revealed.
as the double spherical pendulum [13] and rotating systems with gyroscopic terms. Païdoussis also demonstrated using linear theory that there exist a curve of pitchfork bifurcation points and a curve of Hopf bifurcation points in parameter space. The works of Bajaj, Sethna, and Lundgren [1] and Bajaj and Sethna [2] , [3] are also noteworthy references on this subject.
In this work, we use a simple model of a standing cantilever conveying fluid, namely, a cantilever beam clamped at one end and free at the other end as shown in Figure 1 .1. We assume the fluid-structure interaction induces a concentrated force tangent to the free end of the cantilever and a point source of damping normal to the free end of the cantilever. Our model is simple because we neglect all other fluid structure interaction, including the fluid-induced coriolis forces, unlike the more complete model of Païdoussis [15] . The model is a good representation of a long, thin conduit with a nozzle at its free end. The nozzle maintains the necessary momentum flux, which induces the concentrated force that remains tangent to the free end of the beam. The ratio of the follower force to the restoring force due to structural rigidity is denoted as µ, and we will hereafter refer to this quantity as the dimensionless follower force. As we increase µ, the cantilever eventually experiences an oscillatory instability (a Hopf bifurcation). Likewise, the ratio of the gravitational body force to the restoring force due to structural rigidity will be denoted as λ, and we will hereafter refer to this quantity as the dimensionless gravity parameter. Because our model incorporates dimensionless gravity and the beam's orientation to gravity (α), when the standing cantilever is heavy enough, the beam can experience buckling (a pitchfork bifurcation). This paper extends the results of previous work in several ways. First, we have been able to identify a quartic bifurcation point which more completely maps out the behavior of the beam in parameter space [25] . Second, we have shown analytically, using the perturbation theory of eigenvalues, that damping destabilizes the beam and that, for a point source of damping, the magnitude of damping has no effect on the Hopf bifurcation points. Finally, since we included the inclination of the beam at the clamped end as a parameter in our problem (α), we were able to numerically continue in α. With this capability, we demonstrate how the high codimensional pitchfork bifurcations unfold in α. More precisely, the paper makes the following assertions supported by numerical evidence and theory:
• When α = 0.0, the parameter space is divided by four bifurcation curves: a curve of pitchfork bifurcation points, a curve of Hopf bifurcation points, a curve of turning points, and a curve of saddle-loop bifurcations. We tracked the first three curves presented in section 4.1 using the tracking algorithms in the Library of Continuation Algorithms (LOCA). The theory of the double zero eigenvalue predicts the existence of the saddle-loop bifurcation [12] , but we were unable to obtain it using our current capabilities. The saddle-loop bifurcation occurs when a periodic orbit bifurcates to a solution with infinite period.
• When the angle of inclination at the clamped end of the beam is zero (α = 0.0), there is a symmetry-breaking Takens-Bogdanov point, where the curve of Hopf bifurcations terminates on a path of pitchfork bifurcations. When we unfold this point in α, it becomes a double zero eigenvalue of codimension two, where the Hopf bifurcation curve terminates at a curve of turning points.
• Again, when α = 0.0, there is another extremely degenerate bifurcation point, where the curve of turning points intersects the curve of pitchfork bifurcation points. At this quartic bifurcation point, a symmetry-breaking pitchfork bifurcation changes from supercritical to subcritical [10] . When we unfold this point in α, part of what we get is a codimension two bifurcation, where a curve of turning points terminates at a cusp. We use the theory of normal forms to predict the existence of a curve of turning points in a neighborhood of the quartic bifurcation point and unfold the quartic in section 4.2.
• As expected, a point source of damping had no influence on the stationary bifurcations.
Unexpectedly, however, a point source of damping had no influence on the position of the Hopf bifurcation point. Using the perturbation theory of eigenvalues, we will show in section 4.3 why, for a point source of damping, the Hopf bifurcation point is completely independent of the magnitude of damping. This discussion culminates in an explanation of why the beam experiences flutter. There are also existing techniques for the detection and tracking of bifurcation points. For example, techniques for computing higher codimension Takens-Bogdanov points can be found in [6] , [26] , and [19] . There is also a large literature on the unfolding of a symmetry-breaking Takens-Bogdanov point [23] , [24] .
Formulation.

Derivation of equations.
The beam has the following properties: length L, mass per unit length ρ, and flexural rigidity EI. We assume that the flexural rigidity about the x-axis is large enough to confine the cantilever beam to move in the x-y plane. The position of the beam is fully described by the vector X = (X(s, t), Y (s, t), 0), where s is the arclength s ∈ [0, L] and t is time. The velocity of the beam is given by the vector V = (Ẋ(s, t),Ẏ (s, t), 0) = (U (s, t), V (s, t), 0). The problem is planar, and we assume that moments are restricted to exist in the z-direction only. Therefore, the moment and force vectors take the following forms: M = (0, 0, M z (s, t)) and F = (F x (s, t), F y (s, t), 0).
Consider a differential element of the beam of length ds. The forces in the x-and ydirections and bending moment on this differential element are shown in Figure 2 balance leads to
and a moment balance results in
where n is the normal vector defined as
The moment is related to the curvature in the following manner:
The negative sign in the moment-curvature relation is due to the definition of θ as being positive moving in the clockwise direction. Using this moment-curvature relation, the moment balance reduces to
Governing equations of motion.
After including the equations relating the derivatives of X and Y to θ, we obtain a set of five coupled partial differential equations on the
The conveying fluid exerts a force on the free end of the beam. We make the reasonable assumption that the follower force remains tangent to the free end of the beam even as the beam moves. Furthermore, the force normal to this follower force contributes to a point source of damping in our model.
where C is the damping parameter, f is the follower force, and t is the tangent vector defined as t = (sin(θ), cos(θ), 0).
We also assume that the couple at the free end of the beam vanishes. Since the couple is a multiple of the curvature of the beam, this condition reduces to ∂θ ∂s (L, t) = 0.
On the left side, the beam is clamped, and, at an angle α with respect to gravity,
Since we will only examine the steady behavior of our governing equations and the linearized behavior about the steady-state, no initial conditions are needed. Together the above equations and boundary conditions are the governing equations of our system.
Dimensionless equations.
We will introduce the dimensionless variables
Our dimensionless force and velocity vector take the following forms:
). Substituting these dimensionless variables into (2.1), we have the
where the overdot and prime denote differentiation with respect to dimensionless time (τ ) and dimensionless arclength (ξ), respectively. In terms of these dimensionless variables, the associated boundary conditions become
where µ, γ, and λ are the dimensionless follower force, dissipation, and gravity parameters, respectively, and are defined as
We can convert the second-order derivatives in dimensionless time (τ ) in (2.2) into first-order derivatives by introducing two additional equations:
Then (2.2) can be put into the form
where the vector of unknowns z, the mass matrix M, and the function R(z) are 
In this paper, we never analyze the transient dynamics of (2.4). Instead, we look for equilibrium solutionsz of (2.4) which satisfy
The stability of this solution can be determined by linearizing (2.4) aboutz. After substituting an expansion ofz (z +z 1 ) into (2.4), we obtain the linear system
where R z (z) is the Fréchet derivative. Substitutingz 1 = e σt φ into the linearized system, we obtain σMφ = R z (z)φ. (2.5) Equation (2.5) is a generalized eigenvalue problem for the continuous problem with eigenfunction φ and eigenvalue σ. If all of the eigenvalues of our eigenvalue problem have negative real parts, the equilibrium solutionz is stable.
2.4.
Linearization about standing cantilever. Equation (2.4) may not be familiar to readers with a background in beam theory. Linearizing, however, about the standing cantilever solution would result in a set of equations that more closely resembles the set of equations from beam theory. We simply evaluate the Fréchet derivative at the standing cantilever fixed point (f x = 0, f y = −µ+λ(s−1), x = 0, y = s) in (2.5). After manipulating the resulting set of equations, we obtain a fourth-order differential equation in x. The stability of the standing cantilever fixed point is determined from the eigenvalues of the resulting linear operator
with the associated boundary conditions
This linear operator has several interesting properties. First, L is not self-adjoint because of the boundary condition at the free end: φ (1) = γσφ. If we made a tiny change in this boundary condition, φ (1) + µφ (1) = 0, the linear operator would be self-adjoint. This boundary condition change would result in a linear operator which represents the classical equations describing the buckling of a beam.
If γ = 0, the linear operator L exhibits time-reversal symmetry since, if σ is an eigenvalue of this linear operator, then so is −σ. The linear operator is also non-self-adjoint when γ = 0. Because of time-reversal symmetry, the eigenvalues of the linear operator for the undamped case indicate only neutral stability or instability. Numerically, we have determined (with α = 0) that the beam loses neutral stability when µ = 20. When a small amount of damping γ is introduced, however, the beam loses stability when µ = 16. This apparent paradox was noted by Païdoussis [15] and will be explained in section 4.3.
We will need the adjoint eigenvalue problem when we apply the perturbation theory of eigenvalues in section 4.3. For the purpose of computing this adjoint, we will define the following inner product:
where f * is the complex conjugate of f . Since we will deal exclusively with real eigenfunctions in the neutrally stable regime, we will drop the complex conjugate notation. The adjoint of our linear operator L * satisfies the following inner product:
Taking the inner product of an arbitrary function ψ with the linear operator in (2.6), we obtain
We can obtain the adjoint linear operator by repeatedly integrating this equation by parts to obtain
Several of these terms evaluated at the boundaries vanish due to the boundary conditions on φ except
We will specify the boundary conditions of the adjoint eigenvalue problem so that these terms vanish as well:
The adjoint eigenvalue problem follows:
with the boundary conditions
This adjoint linear operator will be useful when we examine the effects of damping on stability in section 4.3.
Numerical technique.
We approximated the derivatives that appear in the steady form of (2.4) using a Chebyshev collocation method. The approximating functions employed by this spectral method are Chebyshev polynomials which are infinitely differentiable global functions. When evaluated at the Gauss-Labotto points, this spectral method produces highly accurate approximations to the derivative [9] .
We computed the steady-state solutions of our discrete approximation to (2.4) using a Newton-Raphson iteration, where z o is the solution at the previous iteration, δz is the update to z o for this iterate, and R z (z o ) is the Fréchet derivative. We also approximated the continuous eigenvalue problem in (2.4) with a discrete approximation to the Fréchet derivative, the vector of unknownsz, and the eigenfunction φ.
We used the arclength continuation, Hopf, pitchfork, and turning point tracking algorithms in LOCA to obtain the numerical bifurcation results in this paper. For more information on these algorithms, consult [14] , [20] , [21] . Branch switching was accomplished using an algorithm which perturbs the symmetric, unstable solution in the direction of the null vector, φ:
The transition from a supercritical to a subcritical pitchfork bifurcation can be determined using bifurcation theory. Werner and Spence discuss an analogous approach to detect whether a pitchfork bifurcation is supercritical or subcritical in [25] . We first transform our governing equations so that z = 0 is the standing cantilever solution. We then introduce a regular perturbation expansion about z 0 = 0 to third order in . Let us choose as our bifurcation parameter the dimensionless follower force µ. We also expand this bifurcation parameter as follows:
We substitute these expansions into our equations and retain terms up to third order in . If we were to collect terms of first order in , we obtain the eigenvalue problem at the bifurcation point: Collecting terms of second order in , we obtain an equation of the form
Finally, collecting terms of third order in , we obtain an equation of the form
We also have the normalization condition, which provides a nontrivial solution to these equations:
By solving the following system of equations simultaneously for µ k−1 , k = 1, 2, we can obtain the sign of µ 2 :
The pitchfork bifurcation is supercritical or subcritical based on the sign of µ 2 . We solved these equations numerically and obtained the transition point (for α = 0) at µ = 7.3447, as seen in bifurcation diagram (b) in Figure 4 .4. The variation of µ 2 as a function of λ is shown in Figure 3 .1. If we were to choose the dimensionless gravity λ as our bifurcation parameter, we obtain two points where λ 2 changes sign once through 0 and once through ∞. The first transition point is the quartic bifurcation point, which is invariant under a change in the parameterization. The second transition point is an artifact of the parameterization we chose but is nonetheless a meaningful indicator of the change in criticality. A plot of λ 2 as a function of λ is shown in Figure 3 .2. Figure 1 .1 illustrates the beam's orientation as we vary α. When α = 0, the standing cantilever is a solution for all parameter values, but it may not be stable to small perturbations. In this section, we will explore the standing cantilever's stability in the parameter plane defined by λ and µ when the underlying equations of the beam exhibit reflectional symmetry α = 0.0.
Results and analysis.
Numerical bifurcation results.
Consider the case when there is no follower force or µ = 0.0. When gravity is pointing toward the clamped end of the beam, the standing cantilever will buckle under its own weight at a critical value of λ. As in the Euler beam problem, the standing cantilever will also have a second mode of instability at another critical value of λ. These points of instability are shown in a Hopf bifurcation point and is shown in Figure 4 .2. The dotted line in the figure represents an unstable solution which tends to an oscillatory solution. Since we know the bifurcations that the beam experiences for the trivial cases when µ = 0.0 and λ = 0.0, we can use the tracking capabilities in LOCA to obtain the curve of pitchfork and Hopf bifurcation points.
As seen in Figure 4 .3, the curve of pitchfork bifurcation points and the curve of Hopf bifurcation points intersect at a point which is a high codimension bifurcation. This point appears to be accounted for by Païdoussis in his stability map of the boundaries of buckling and oscillatory instabilities [15] . His stability map, however, misses the quartic bifurcation point, which we were able to obtain using an algorithm discussed in section 3 that detects whether a pitchfork bifurcation point is supercritical or subcritical.
By using this additional capability, we can obtain the quartic bifurcation point shown in Figure 4 .3. This point is another a high codimension bifurcation point. Using the theory of normal forms, we show in section 4.2 that another curve of turning points should come tangent to this curve. This conclusion based on theory inspired us to search for the curves of turning 
0125, we obtain the following two-parameter plot. Notice that the curve of pitchfork bifurcations splits into two curves of turning points. The region of stability (I) does not appear to have increased dramatically. The near-symmetric/buckled modifier implies a solution which continuously transitions from a stable, almost symmetric solution to a buckled solution.
points which appear in Figure 4 .3. It should be noted that there are two curves of turning points shown in Figure 4 .3 which happen to lie on the same curve in parameter space. Before we unfold these two higher codimension bifurcation points in α, we will highlight the effect the dimensionless follower force, gravity, and damping have on the boundaries of instability.
As can be seen in Figure 4 .3, gravity makes the beam more likely to flutter and hence destabilizes the beam. This result agrees with our physical intuition that gravity is a force tending to make the beam oscillate. Contrary to physical intuition, the follower force µ makes the beam less likely to buckle and hence stabilizes the beam. This apparent paradox can be explained in the following way: if the beam is perturbed in the direction of its buckled state, then the follower force tends to push the beam back to the standing cantilever fixed point. The effect of the follower force agrees with Païdoussis' result that standing cantilevers which would ordinarily buckle without flow can actually become more stable with flow for a certain range of flow rates [15] .
The follower force, however, also appears to excite the second pitchfork bifurcation mode by decreasing the critical value of λ, marking the onset of the second pitchfork instability. This phenomenon is apparent in bifurcation diagrams (a) and (b) in Figure 4 .4. These bifurcation diagrams plot a characteristic value of our solution, the angle at the end of the beam, as a function of λ for fixed µ.
Bifurcation diagram (b) in Figure 4 .4 marks the quartic bifurcation point-the transition between a supercritical and a subcritical pitchfork bifurcation. This point corresponds to the intersection of the turning point curves and the pitchfork bifurcation curve in Figure 4 .3. The pitchfork bifurcation becomes subcritical because the branched solutions are unstable and occur when the symmetric solution is stable.
As the value of µ continues to increase, we notice the emergence of the Hopf bifurcation point in bifurcation diagram (d) in Figure 4 .4. The second mode of instability becomes so excited by the increased follower force and the first mode so subdued by the stabilizing effect of the follower force that the two points coalesce at the higher codimension bifurcation point, where the Hopf bifurcation curve intersects the curve of pitchfork bifurcation points. As can be seen in bifurcation diagram (e), a Hopf bifurcation and two turning points remain in their wake. At a sufficiently high follower force, the Hopf bifurcation emerges as the first instability the symmetric system experiences as λ is increased. Bifurcation diagram (f) in Figure 4 .4 shows that two turning points still remain, but the buckled solutions no longer coexist with a stable symmetric solution. For λ = 0, without damping, the standing cantilever was neutrally stable up until µ = 20.0, where the beam experienced flutter. With a small amount of damping, γ, the beam experienced flutter at a smaller value of µ, leaving us puzzled by the prospect that damping had a destabilizing effect on the beam. This important finding was also noted by others in the literature. However, a more puzzling consequence of our implementation of damping is that the Hopf bifurcation point is absolutely independent of γ. These puzzling results are explained in section 4.3.
The series of bifurcation diagrams in Figure 4 .4 are used to define the regions in Figure 4 .3 by the type of stable solutions which exist. Region I indicates that all solutions tend toward the standing cantilever fixed point. In Region II, the symmetric fixed point loses stability to one of the buckled branches depending on the direction of the perturbation. This scenario remains true even after the second pitchfork bifurcation point is passed in Region III. The symmetric and buckled solutions are all stable in Region IV. It should be noted that the two-parameter plot can be misleading because it contains bifurcations of different solutions on the same parameter space. In order to correctly interpret Figure 4 .3, please view the one-parameter plots in Figure 4 .4. It should also be noted that Regions VI and V do not have well-defined boundaries in Figure 4 .3. Region VI has only oscillatory solutions, while, in Region V, both steady and oscillatory solutions are stable. LOCA cannot predict the end of the oscillatory solutions that occurs when the limit cycle has a period which reaches ∞ and ceases to exist. Time-integration of the governing equations of the motion of the beam is one way to obtain this boundary.
What happens to the two higher codimension bifurcation points as we unfold them in α? The authors were unable to locate any work that discussed the unfolding of these higher codimension bifurcation points in α. When we deflect the beam slightly (α = 0.0125), we obtain the two-parameter plot shown in Figure 4 .5. We notice that the curve of pitchfork bifurcations has given rise to two curves of turning points. The quartic bifurcation point has unfolded into a codimension two bifurcation, where a curve of turning points terminates at a cusp, and a codimension one bifurcation corresponding to the remaining curve of turning points. The intersection of the Hopf bifurcation and the pitchfork bifurcation curves has unfolded into a double zero eigenvalue which marks where the Hopf bifurcation curve intersects the curve of turning points in Figure 4 .5. The effects of unfolding become more pronounced as we continue to increase the deflection as seen in Figure 4 .8. We will briefly highlight some features of the deflected beam.
With a small deflection, rather than either branched solution being equally possible, stability appears to be biased toward the direction of the deflection. In fact, the solution in the direction of the deflection is stable for the deflected case. This bias becomes especially evident in the bifurcation diagrams shown in Figure 4 .6.
Bifurcation diagram Figure 4 .6 (a) clearly shows that one stable solution branch connects the standing cantilever and one of the buckled branches. Buckling in this case is a continuous transition and is not characterized by a bifurcation. The near-vertical standing cantilever equilibria become disconnected from the unstable near-standing solution, which is typical of how a pitchfork bifurcation diagram looks after the symmetry is broken. The second pitchfork bifurcation mode behaves as expected as well when the symmetry is broken. As we increase the dimensionless follower force, we arrive at the cusp shown in Figure 4 .5. Similar to the symmetric case, the second turning point moves closer to the stable branches, until the stable deflected branch merges with the second turning point, leaving a Hopf bifurcation point. By the time µ = 13 in bifurcation diagram (e), we notice that the Hopf bifurcation point becomes the first instability the near-symmetric solution experiences.
For larger deflections (α = 0.1), Figure 4 .7 shows how the beam actually looks as we move on the various stable, unstable, and doubly unstable solution branches. Notice that the solution in the direction of the deflection is stable and clearly favored over the solution on the turning point branch. The two-parameter plot for the α = 0.1 case is shown in Figure 4 .8. The bifurcation diagrams shown in Figure 4 .9 are again revealing. Bifurcation diagram (a) shows that the solution corresponding to the direction opposing the direction of the deflection is unfavored and disconnected from the near-symmetric solution. The nearsymmetric solution is initially stable and remains stable even as it becomes more deflected and loses more symmetry. This stability is due to the continuous nature of the transition from the near-symmetric solution to what we would consider a buckled solution. As the dimensionless follower force increases, we notice that the second turning point moves closer to the stable solution branch. By the time µ = 13.6, the beam can flutter. The beam, however, restabilizes and continues on the deflected solution branch. The second pair of turning points then merges, leaving a Hopf bifurcation in its wake.
The quartic bifurcation point.
By applying the theory of normal forms, we can obtain a one-dimensional equation which can validate the topological behavior of the twoparameter plots we obtained in the neighborhood of the quartic bifurcation point we noticed in Figure 4 .3. At this point, the beam exhibits symmetry, and, because we are at a transition between a subcritical and a supercritical pitchfork bifurcation, we can ignore terms of order greater than five in x (since F xxx = 0). We will introduce parameters (a, b) such that, at the quartic bifurcation point, a = b = 0. The one-dimensional equation which represents the basic topological behavior in the vicinity of a quartic bifurcation point follows:
where a and b are parameters which we can vary in this equation. This normal form is a standard example in the work of Golubitsky and Schaeffer [11] . We will choose the sign in front of the quintic term in (4.1) to be negative because the resulting equation better resembles the topological behavior in Figure 4 .3. The solution, x = 0, corresponds to the symmetric solution. Furthermore, for any given value of a, b = 0 corresponds to the locus of pitchfork bifurcation points, where ∂g ∂x (0) = 0. Also notice that, for a < 0, the pitchfork bifurcation point is supercritical and, for a > 0, the pitchfork bifurcation point is subcritical.
We are interested in seeing if there are any curves of turning points in the neighborhood of this quartic bifurcation point. By definition, at a turning point, the following is true:
Neglecting the trivial solution which corresponds to the locus of pitchfork bifurcation points, we can solve (4.1) and (4.2) to obtain an expression for the locus of turning points near the quartic bifurcation:
A schematic of b as a function of a is given in Figure 4 .10. Notice the locus of turning points comes tangent to the locus of pitchforks and terminates at the quartic bifurcation point. Also notice that the curve of turning points is actually two curves of turning points which happen to lie on the same curve in parameter space and correspond to the two different solutions:
. This topological behavior is seen in Figure 4 .3. Figure 4 .5 shows how the quartic bifurcation point unfolds when we break the symmetry in the beam equations. There are two notable features in the unfolding: a curve of turning points which terminates at a cusp and another curve of turning points nearby. Let us now show that, when we break the symmetry in the normal form (4.1), we also obtain these features. The asymmetric normal form follows:
We begin by looking for a cusp. When d = 0, the conditions for a cusp can be written as Solving these equations we obtain a = In the symmetric normal form, we noticed that two curves of turning points happened to lie on the same curve in parameter space. When we break the symmetry, these curves of turning points split apart in parameter space, as shown in Figure 4 .10. One of these curves terminates at a cusp, and the other is a locus of turning points that continues on and merges into what used to be the supercritical pitchforks.
Effect of damping.
When γ = 0.0, we noted in section 2.4 that the eigenvalue problem obtained from linearizing about the standing cantilever fixed point could only predict neutral stability or instability. In section 4.1, we found that, at µ = 20.0, the beam experiences flutter. For µ < 20.0, the neutrally stable modes do not necessarily tell us anything about the stability of the standing cantilever. One would assume that, when we add damping, those neutrally stable modes would become stable. We noticed numerically, however, that damping made some of those neutrally stable modes unstable. In addition, we analyzed the effect damping had on this point of instability by introducing extreme values of damping (γ = 10 −5 and γ = 10 5 ) and observed that damping had no effect on this point of instability. These deeply puzzling results are analytically clarified in this section.
By applying the perturbation theory of eigenvalues, we can determine the effect a small amount of damping would have on the sign of the real part of the perturbation in the eigenvalue. If the real part of the perturbation is positive, then the damped solution becomes unstable, and, if the real part of the perturbation is negative, then we know the solution will become stable. Assuming γ is small, let us introduce the following expansions for this purpose:
Substituting these expansions into (2.6) and collecting terms up to first-order in γ, we obtain
Using Fredholm's alternative, we can take the inner product of both sides of the first equation in (4.4) with ψ 0 , which satisfies the linear operator in (2.8) and the adjoint boundary conditions in (2.9). Repeatedly integrating this resulting equation by parts, we can then apply the boundary conditions in φ 0 and use the fact that Lψ 0 + σ 2 0 ψ 0 = 0 to obtain the following equation:
Finally, solving for σ 1 , we obtain
When there is no follower force (µ = 0 and hence φ 0 = ψ 0 ), σ 1 is negative. Therefore, a little bit of damping stabilizes the standing cantilever when there is no follower force. For small µ, we would expect σ 1 to remain negative since φ 0 ≈ ψ 0 . As we increase µ, we can solve the purely inviscid problem and keep track of the undamped right and left eigenfunctions to obtain the point where a small amount of damping makes the standing cantilever unstable. σ 1 changes sign when ψ 0 (1), φ 0 (1), or the denominator changes sign. Numerically, we have identified that ψ 0 (1) changes sign when µ = 16.0. This important result proves that a point source of damping destabilizes the beam.
We have shown that an instability occurs for small values of γ at µ = 16.0 and ψ 0 (1) = 0.0. However, why does this point of instability hold for all values of γ? How can we explain this special property of the point source of damping in our model of the beam? Since ψ 0 (1) = 0 at the point of instability, one of the adjoint boundary conditions in (2.9) becomes ψ 0 (1) = 0. Therefore, both φ 0 and ψ 0 satisfy all of the boundary conditions for the damped problem at the point of instability except for φ (1) = σ 0 (1)φ 0 (1). We can thus obtain an eigenfunction which satisfies the damped linear operator and boundary conditions using a linear combination of the undamped left and right eigenfunctions φ 0 and ψ 0 . Since we can determine an eigenfunction φ d (γ) for the damped linear operator in (2.6) that ensures that the eigenvalue remains unchanged as we vary γ, we have proven that the point of instability is independent of damping. It turns out that this particular linear combination is φ = φ 0 + kγσ 0 ψ 0 , where k = − φ 0 (1) µψ 0 (1) . We have shown that, as long as a point source of damping is nonzero, damping has no effect on the Hopf bifurcation point. It should be emphasized that this is an interesting property of what is most probably a degenerate model and does not hold for distributed damping or even two point sources of damping for that matter. However, just as we learned a tremendous amount from the extremely degenerate high codimension bifurcations, we hypothesize that this degenerate point foretells that distributed damping would have a nominal effect on the point of instability. Our hypothesis is strengthened by the work of Païdoussis, who showed in Table 2 of his paper that the effect external distributed damping had on the critical flow velocity for the standing cantilever is small [15] . A more physical explanation of why damping actually destabilizes the beam follows, culminating in a discussion that restates conclusions made by Benjamin about the physical mechanism behind flutter [4] . We stated in section 2.4 that, when we linearize about the standing cantilever fixed point, we obtain a fourth-order differential equation in x, and we used φ 1 to denote the eigenfunction. This integral evaluates to zero over a full period, unless β is nonzero. When there is no damping γ = 0, then φ 1 and φ 1 are real and β is zero. Essentially, there is no energy transfer from the follower force to the beam when there is no damping. When there is damping, β becomes nonzero because φ 1 and φ 1 become complex. This energy due to the follower force is countered by the energy removed from the system by dissipation. At a certain point, the follower force outweighs the damping mechanism, causing the beam to become unstable. Thus the beam experiences an instability because the u velocity and θ become more in phase. These results are consistent with those found by Benjamin [4] .
Conclusion.
As a result of this research, we have outlined the development of a generic tool for detecting the criticality of a pitchfork bifurcation point. In the future, we will want to develop this tool for large-scale stability problems. Moreover, because a point source of damping had no influence on the Hopf bifurcation point, we predicted that distributed damping would have a nominal effect on stability. We would like to test the validity of this claim by implementing global damping in future work. In this study, we used α only to unfold our high codimensional pitchfork bifurcations. Future work may consider α as a continuation parameter and examine bifurcations in α. We may also wish to identify the saddle-loop bifurcation curve missing in our two-parameter plot by time-integrating our equations of motion.
